ABSTRACT. Using elementary facts from the theory of convex bodies, we obtain an improved version of J. Rauch's [5] inclusion theorem for ovaloids with comparable second fundamental forms and a generalization of a result of A. W. Goodman [4] on the position of the curvature centroids for ovaloids with restricted radii of curvature.
Introduction.
For a convex curve C in the plane and a point z in its interior, we denote by Di(z) the smallest and by D2(z) the greatest distance of the points of C from z. Let C be of class C2 and suppose that its radius of curvature function p satisfies 0 < Ri < p < R2 with some constants R\, ¿?2-If z is the perimeter centroid of C, then Goodman [4] proved that ¿?i < Dx(z) < D¡(z) < ¿?2-He asked if here z may be replaced by Steiner's curvature centroid. In the present note we obtain a general result of this kind, valid for ovaloids in Rd and for the whole series of area and curvature centroids (Theorem 2). In its proof we use an improved version of a theorem of Rauch [5] (Theorem 1 below). Our main aim is to make better known the fact that assertions of this kind can be given a stronger form (and a simpler proof) if some elementary results from the theory of convex bodies are used.
Ovaloids with comparable
second fundamental forms. By an ovaloid we understand a closed convex hypersurface M in Rd (d > 2) of class C2 and with everywhere positive curvatures. For x G M, we denote by n(x) the outward unit normal vector to M at x. The tangent space Mx of M at x is identified with the linear subspace of Rd orthogonal to n(x). The Weingarten map Lx : Mx -* Mx is defined by Lxv = Dvn(x) for v E Mx, where Dv denotes the directional derivative operator (as in [5] ). The second fundamental form of M at x is given by IIx(u) = (Lxv,v) for v E Mx. For u E Ud \ {0} we denote by p(u) the unique point of M with n(p(u)) = u/||tt||. Since the Gauss map of M and its inverse are of class C1, the function p thus defined is of class C1. If we restrict this function to the unit sphere fi = {u E Rd: \\u\\ = 1}, we have Dvp LEMMA. d2Hu(a,b) = ||u||_1((Lp(u))_17rua, irub) for a,b E Rd.
PROOF. By homogeneity, we may assume \\u\\ = 1. Let (ei,...,e¿) be an orthonormal basis for Rd with e¿ = u. We write (y1,...,yd)
for the coordinates of y E Rd and Hl} for the second partial derivatives of ¿¿ with respect to this basis. The homogeneity relation Under the assumptions of Theorem 1, Rauch [5] has shown that M can fit inside M. This is an immediate consequence of our strengthened version: Each point t E L satisfies M + t E K. The theorem as formulated by Rauch also follows: Suppose that M, M satisfy the assumptions above and are internally tangent at some point x (i.e., x G M fl M and n(x) = ñ(x) = u, say). The point x G K = K + L has a representation x = Xi + X2 with xi E K and X2 G L. From ¿¿(w) = (x,u) = (xi,u) + (x2,u) < H(u) + Hl(u) = H(u) we conclude that xi = x and hence 0 G ¿, which implies M C K c K. gives c(K) = Pr(M) (cf. [6, pp. 122-123] ). This completes the proof of Theorem 2.
Finally we remark that the left-hand inclusion of Theorem 2 remains true if z is the centroid po(K) (centre of mass of K). This follows from the fact that po(K) = Po(RiB + Ki) is a convex combination of the points po (¿f i ), Pi [dK\ ),-■-, Pd (dKi ) (see [6, formula (27) ]) and hence a point of Ai (this remark extends an argument of Blaschke [1] ).
